
VI Simplicial Homology
������� 1 (1) An ordered simplex is a simplex σ together with a particular
order of vertices of σ and will be denoted by σ = (v0, · · · , vp).
(2) An orientation of a simplex σ = (v0, · · · , vp) : Two orderings of vertices
of σ are equivalent if they differ by an even permutation. A choice of an
equivalence class is called an orientation of σ.
(3) An oriented simplex is a simplex σ together with an orientation of σ and
will be denoted by [v0, · · · , vp] representing the equivalence class of (v0, · · · , vp)
as an orientation of σ.

�	��
�  �� ������ , 2-simplex �� ������� [v0, v1, v2] = [v1, v2, v0] �! �"$# .
%&('*)+-,.0/1 21 ���� "$#435 6879 :!;< �! >=!?@ simplex

�BADC�FE #HGI orientation �! KJL M�NPORQTSU "$# .

v0

v1

[v0, v1]
or

v0

v1

[v1, v0]

v2

v0 v1

[v0, v1, v2]

or

v2

v0 v1

[v0, v2, v1]

%&('*)+ 1: Orientations

Notation σ : an oriented simplex ⇒ σ : an oriented simplex with opposite
orientation.

������� 2 (p-th chain group) K : a simplicial complex
Cp(K)= the abelian group generated by the oriented p-simplices with the re-
lation σ = −σ.V5 W , Cp(K) XY Z K �� p-simplex �� � /1 generate [\ ] free abelian group ^H_`ba� dc ;egf� ^H_h
"$# . iHjk�l$mnpo�qr ,.0/1 p ≤ 0 sHt� ����u�� �BA XY Z Cp(K) = 0 ,.v/1 oPw� �� QTSU "$# . xy QTSU , Cp(K) ��
z{}|�~� 
�  p-chain �! ��!#R�� ����� ��

k∑

i=1

niσi, ni ∈ Z /1 �� iHjk�� #T����������� [\ ] "$# .
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"$#435 6��� M free abelian group �� universal property /1 ��������P�� �¢¡£ � #¤"$# .
Note. A function f from the oriented p-simplices of K to an abelian group G
extends to a homomorphism : Cp(K) → G uniquely if f(σ) = −f(σ) for all
oriented σ.

Boundary operation

∂p : Cp(K)→ Cp−1(K), boundary operator is defined as follows.

σ = [v0, · · · , vp]⇒ ∂pσ =
k∑

i=0

(−1)i[v0, · · · , v̂i, · · · , vp]

∂p E # orientation a�  oPw� �� � #¥XY Z equivalence class
�BA§¦©¨ � #Tª¢« well-defined ^H_`ba�  ¬ ®

sHt� � #°¯T ²±³§´ O¶µP· XY Z ∂pσ E # well-defined �! ¸��
∂p(σ) = −∂pσ ^H_`ba�  21 �! ����º¹» XY Z�¼¾½ , �! ¶XY Z transposition

�BA-¦©¨ � #Tª¢« ��À¿Á E # l$mn ¦©¨E #pÂÃÅÄ a�  21 �! �����ÆÇÉÈËÊÌ M � #¤"$# .V5 W ,∂[v0, · · · , vj, vj+1, · · · , vp] = −∂[v0, · · · , vj+1, vj, · · · , vp] ^H_`ba�  ¬ ® sHt� � # ���� [\ ]
"$# . %&(ÍÏÎ� ¼¾½ �! ÐXY Z ∂ �� oPw� �� �BAÒÑ #$�!# µP·8Ó # �P�� � #¥Ô.0/1 , ∂p XY Z well-defined homomor-
phism �! >[\ ] "$# .
ÕÖF×Ø ����ÚÙIÛ 1 ∂p−1∂p = 0 (∂2 = 0)

ÜÝßÞ>à�á� ∂p−1∂p[v0, · · · , vp] = ∂p−1

k∑

i=0

(−1)i[v0, · · · , v̂i, · · · , vp]

=
k∑

i=0

(−1)i∂p−1[v0, · · · , v̂i, · · · , vp]

=
k∑

j<i

(−1)i(−1)j[v0, · · · , v̂j, · · · , v̂i, · · · , vp]

+
k∑

i<j

(−1)i(−1)j−1[v0, · · · , v̂i, · · · , v̂j, · · · , vp]

= 0
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Remark
For convenience, we can add more generators and relations to Cp(K).
If v0, · · · , vp are vertices not necessarily distinct of some simplex, we define

[v0, · · · , vp] = {
0 if not distinct.
as before if distinct

.

and define ∂ by the same formula

∂pσ =
k∑

i=1

(−1)i[v0, · · · , v̂i, · · · , vp]

Then this is well defined and ∂2 = 0.

������� 3 · · · → Cp+1(K)
∂p+1

→ Cp(K)
∂p

→ Cp−1(K)→ · · · (:={Cp, ∂}) with ∂2 = 0
is called a chain complex.

Define Zp(K) = ker∂p = the group of p-cycles.
Bp(K) = im∂p = the group of p-boundaries.
Hp(K) = Zp(K)/Bp(K) = the p-th homology group.

â�ãä E #¤GI object �BAå¦©¨ � #Tª¢« homology group a�  �çæéè°êë ´ O 21 Ó # .

1. (0) K =

v1

v2 v3

σ1

σ2

σ3 (=∂ )

� Î�íì � C1(K) = Z〈σ1, σ2, σ3〉 = Z3, C0(K) = Z〈v1, v2, v3〉 = Z3 ^H_`ba� îc ;eïf� ^H_h �� ,
chain complex

0→ C1(K)
∂
→ C0(K)→ 0

a�  ðòñó XY Z "$# . H0(K)

�  ôõ � # ���� , � Î�öì � C0(K) XY Z ∂

�BA �� � #Tª¢«ø÷y C� 0 �! ¹» Ô.v/1 ,
Z0(K) = C0(K) ^H_`ba�  c ;e f� ^H_h "$# . xy QTSU , ∂σ1 = v2 − v1, ∂σ2 = v3 − v2,
∂σ3 = v1−v3 �! ¸Ô.v/1 , B0(K) XY Z {v2−v1, v3−v2, v1−v3} /1 generate ¹» XY Z C0(K) ��
subgroup �! ù"$# . �! subgroup ��ûú # z{}| �! 2 �! ¸Ô.v/1 ,H0(K) = Z0(K)/B0(K) = Z ^H_`a� üc ;eýf� ^H_h "$# .
þ _ruÿ�Å] o�qr ,.v/1 B0(K)

�BA��� � � #¥XY Z z{}|�~� XY Z 1-simplex �� boundary E # ¹» Ô.v/1 ,H0(K)
�BA

µP· XY Z 1-simplex /1 ���� �	�k ¹» ª�
F^H_h XY Z vertex �� � �� MdµP· /1 equivalent QTSU ��� ,.v/1 21 ¯T 
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������ Z �BA , iHjk l$mn o�qr ,.v/1 "$#Ú35 6�� #����� �! ����� �"!# QTSU "$# .
Note. Ho(K) ∼= Zk, k= number of connected components of |K|.

"$#435 6 ,.0/1 H1(K) a�  ôõ ´ O 21 Ó # . � Î�öì � B1(K) = 0 �! ¶Ô.v/1 H1(K) = Z1(K) =
ker∂ �! �"$# . ^H_` �� �� c ∈ C1(K)

�BA�¦©¨ � #Tª¢« , c = n1σ1 + n2σ2 + n3σ3 /1 $� � f� ^H_h XY Z¼¾½ , ∂c = 0 �! ¹» ¯T �±³ ´ OÐµP· XY Z
∂c = n1∂σ1 + n2∂σ2 + n3∂σ3

= n1(v2 − v1) + n2(v3 − v2) + n3(v1 − v3)
= (n3 − n1)v1 + (n1 − n2)v2 + (n2 − n3)v3 = 0

�! ¹» ª�
&%�' � #¥Ô.0/1 , n1 = n2 = n3 := n ^H_`ba�  c ;e f� ^H_h "$# . Ñ #*�!# µP· H1(K) =
Z1(K) = Z〈σ1 + σ2 + σ3〉 ∼= Z �! ù"$# .

(1) K1 =

K1 XY Z connected �! ¸Ô.v/1 , H0(K1) = Z �! ù"$# . H1(K1) a� ûôõ � #T¯T ±³ � #Tª¢« Z1(K1)

� 

c ;e %H# 21 Ó # . ±³ �� (0)
�BA µP· X( Z �� QTSU*) # 
�  ^H_` �� �� 1-chain c

�BA o�qr 3+-, � # ���� , ∂c = 0 �! H¯T 
±³ QTSU/. jk102 ÆÇÉÈËÊÌ M43y65	7� �� M c

�BA8�� � � #¥XY Z =!?@ vertex
�BA ¦©¨ � #$ª¢« �� � ª�
:9y XY Z 1-simplex ��

�çæ f�<;= > # E #¥XY Z 1-simplex �� �çæ f��E #ËiHjk@?  ´ O %�' QTSU "$#¥XY Z ��� ^H_` a� üc ;eýf� ^H_h "$# . V5 W ,

σ1

σ2

σ3 c = n1σ1 + n2σ2 + n3σ3 + · · ·

%&('*)+ 79 :!;< �! c E #BA� ª�
DC¸t� ����u�� �BA n1 + n2 = n3
E # ¹» ª�
&%�' QTSU "$# . Ñ #$�!# µP· , K1 ��%&('*)+ �BA µP·FEG ]IHJ W�K ?L =!?@NMPOQ a� /Ry XY Z cycle a�  c1, 9yTS� M HJ WUK ?L =!?@IMPOQ a� /Ry XY Z cycle a�  c2 �!#�� � # ���� K1 �� 1-cycle �� M nc1 + mc2 �� VW X /1 ������� [\ ] "$# . B1(K1) = 0 �! ¸Ô.v/1 ,

H1(K1) ∼= Z2 �! ù"$# .

(2) K2 =

Y #[Z mn E #HGI /1 H0(K2) = Z �! ¸�� , 1-cycle �� M nc1+mc2 �� VW X /1 ������� ¹» Ô.0/1 H1(K2) ∼=
Z2 �! �"$# .

(3) K3 =

Y #[Z mn E #HGI /1 H0(K3) = Z2 �! ¸�� , H1(K3) ∼= Z2 ^H_` a� ü¬ ® sHt�@\^]_ f� ^H_h "$# .
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iHjk l$mn o�qr ,.v/1 , K �� 1-dimensional ôõ � �� �� ��` f� 
�  k �!#R�� a ¡b a�  ��� , H1(K) = Zk /1
A� ª�
 þ _`ba�  ±³ ;= :!;< �� Mdcfegihkj# ,.v/1 ¬ ® sHt�:\^]_ f� ^H_h "$# .
lm nIo	p 19. G: Graph ⇒ H1(G) = abel(π1(G)).

±³ �� �	� �BA µP· K1
79 K2 �� homology group �! KiHjk@?  rqtsu a�  ÿ�Å]wv"xy \^]_ f� ^H_h XY Z�¼¾½ , iHjk�l$mno�qr ,.v/1 homotopically equivalent QTSU object �� � �� homology group �� M EzÅ]I{k|�:}  ÒiHjk?  � #T����[\ ] "$# .

2. (1) K =
τ

v1

v2 v3

σ1

σ2

σ3

K XY Z connected �! ¶Ô.0/1 H0(K) = Z ^H_` �� M ) # /1 c ;eïf� ^H_h "$# .
K �� 1-cycle c XY Z c ;~ µP· c ;e %H#D�� M ) # ;= :!;< �! c = n(σ1 + σ2 + σ3) =: nc1 �� VW X �! ù"$# .%&�ÍÏÎ� ¼¾½ c1 = ∂τ �! ¶Ô.0/1 c ∼ 0(homologous to zero) �! �"$# . Ñ #$�!# µP· H1(K) = 0 �! 
"$# .
xy QTSU B2(K) = 0 �! ¸Ô.v/1 H2(K) = Z2(K) = ker∂ ^H_`ba� ûc ;e f� ^H_h XY Z�¼¾½ , C2(K) ��
generator τ

�BAå¦©¨ � #$ª¢« ∂τ = c1 6= 0 �! ¸Ô.v/1 ker∂ = 0 �! ¹» ª�
 H2(K) = 0 �! �"$# .

(2)K =

σ1

2
ú # z{}| cell �� � �BA �  �çæ l$mn ¦©¨ cfeg q^�g ,.0/1 orienta-

tion a� ��Ì M "$# .
c1 : ) #"� ;< HJ W cycle.
c2 : ��êë HJ W cycle.
τ = σ1 + σ2 + · · · where σi are 2-dimensional
cells.

K XY Z connected �! ¶Ô.0/1 H0(K) = Z ^H_` �� M Ó # �P�� � #¤"$# .

∼

±³ %&('*)+ 79 :!;< �� M ������ jk a�  �! 3+-, � #$ª¢« K � ¨ �� �� 1-cycle �� M ) #"� ;< HJ W ,.v/1 homolo-
gous � #$�����¶jk ª�
D���� f� ^H_h ,. Ô.0/1 , K �� essential QTSU 1-cycle �� M nc1 �� VW X �! ö[\ ] "$# . Ñ #
�!# µP· , H1(K) = 〈c1〉 = Z.
K �� ^H_` �� �� 2-chain c = n1σ1+n2σ2+· · ·

�BAu¦©¨ � #$ª¢« ∂c = n1∂σ1+n2∂σ2+· · · =
0 �! ���� , c ;~ µP· X( Z �� QTSUU) # ;= :!;< �! ( �! �� Î� �BA XY Z =!?@ ������� , � �� �BA µP· �� incidence


�  ������� # ���� ) n1 = n2 = · · · �! ¶Ô.0/1 , c E # cycle �! ��!# ���� , c = n(σ1 + σ2 + · · · ) = nτ �� VW X
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�! �"$# . %&�ÍÏÎ� ¼¾½ , ∂c = n∂τ = n(c1 − c2) = 0 �! ¹» ª�
&%�' � #¥Ô.v/1 n = 0
V5 W , c = 0 �! 

"$# . Ñ #*�!# µP· , H2(K) = 0 �! �"$# .
iHjk l$mn o�qr ,.v/1 boundary E #-^H_h XY Z manifold K

�BA ¦©¨ � #Tª¢« �! ;= :!;< �! ��r�� =!?@ ´ O 21 ����
H2(K) = 0 �! �ÂÃÅÄ a� üc ;eýf� ^H_h "$# .
3. Surfaces

(0) K = ≈ S2 orientable surface �! ¸Ô.v/1 boundary
�BA µP·>µP· /1K^� ¢¡£ ¹» RyU¤� W orientation a� �¥Ç  f� ^H_h "$# .

H0(K) = Z �! �"$# .
1-cycle �� M ±³ �� 2.(2)

�BA µP· ;= :!;< �! §¦©¨ª ,.v/1 �¶jk ª�
«� ¨ ���� point ;= homologous � #T���¹» Ô.v/1 H1(K) = 0 �! ù"$# .
2-cycle �� M c ;~ µP· ;= Y #¬Z mn E #¤GI /1 c = nτ , τ = σ1 + σ2 + σ3 + σ4 �� VW X �! ¹» ª�
&%�' � #
XY Z�¼¾½ , ∂c = n∂τ = 0(orientation a�  boundary

�BA µP·�µP· /1 K^� ¢¡£ ¹» RyU¤� W A� ðòñh ,. Ô./1 ) �! ¶Ô.v/1 , c E # 2-cycle ^H_` a�  ¬ ® sHt�:\^]_ f� ^H_h "$# . Ñ #$�!# µP· , H2(K) = 〈τ〉 = Z �! �"$# .
® �BA µP·N¯ ;e±°�² 21´³-µ¶ GI ¸·!êë , ·!êë�¹¸º@ orientable � #HGI c ;» "$# ���� boundary

�BA µP· K^� �¡£ ¹» RyT¤� W
orientation a� /¥Ç  f� ¦ j¼ ,. Ô.0/1 2-cycle �! KJL M²NPO � #¤GI c ;» %H# H2(K) = 0 �! [\ ] "$# .
(1) Torus

K = a

b

a

b

Torus
�BA o�qr±½ �  QTSU trangulation a�  A� �� , boundary

�BA
µP· K^� �¡£ ¹» RyT¤� W orientation a� ¾�Ì M "$# .

H0(K) = Z �! �"$# .
1-cycle �� M ) #"� ;< HJ W ,.v/1 �¶jk ª�
D���� f� ^H_h ,. Ô.0/1 , boundary

�BA µP· �� 1-cycle 79 :!;< "$# .
"$# �  À¿ ;e ´ O , D1 = Z1(K) ∩ {boundary chains} �!# C� ���� , Z1(K) = D1 +B1(K) �! 
"$# . boundary XY Z figure eight 79 :!;< ,. Ô.v/1 D1 = Z1(K) ∩ {boundary chains} =
〈a, b〉 = Z2 �! �"$# . B1(K)∩D1

a�  ôõ � # ���� , ^H_` �� �� 2-chain c
�BA ¦©¨ � #Tª¢« ∂c E # bound-

ary
�BAÂÁÃ qtsu ¹» ¯T b±³§´ O¶µP· XY Z c = nτ �� VW X �! ¹» ª�
Ä%�' � #R�� , �! ��� ∂c = n∂τ =

n(b + a − b − a) = 0 �! ¸Ô.v/1 ∂ �� image E # ¹» XY Z 1-cycle �� M 0 ÅÌ M �! ù"$# . Ñ #$�!# µP·
H1(K) = Z1(K)/B1(K) = (D1 +B1)/B1 = D1/(B1 ∩D1) = Z2 �! ù"$# .
2-cycle �� M c ;~ µP· ;= Y #¬Z mn E #¤GI /1 c = nτ �� VW X �! ¹» ª�
Ä%�' � # XY Z�¼¾½ , ∂c = n∂τ = 0 �! 
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Ô.0/1 c E # 2-cycle ^H_` a�  ¬ ® sHt�:\^]_ f� ^H_h "$# . Ñ #$�!# µP· , H2(K) = 〈τ〉 = Z �! ù"$# .

(2) P 2 =

a

a

H0(P
2) = Z �! �"$# .

1-cycle �� M boundary
�BA µP· ·!êë �r�� =!?@ � # ����d¹» XY Z�¼¾½ boundary XY Z circle 79 :!;< ,. Ô.v/1

D1 = 〈a〉 �! �"$# . B1(P
2)∩D1

a� îôõ � # ���� , ^H_` �� �� 2-chain c
�BA�¦©¨ � #Tª¢« ∂c E # bound-

ary
�BA1ÁÃ qtsu ¹» ¯T p±³ ´ OÐµP· XY Z c = nτ �! ¸�� , �! ��� ∂c = n∂τ = 2na �! ¸Ô.v/1 B1(P

2)∩
D1 = 〈2a〉 �! ¹» ª�
 �	�kÇÆÈ É H1(P

2) = 〈a〉/〈2a〉 = Z/2Z = Z2 �! �"$# .
2-cycle �� M c ;~ µP· ;= Y #[Z mn E #HGI /1 c = nτ �� VW X �! ¹» ª�
Ä%�' � #¥XY Z²¼¾½ , ∂c = n∂τ =
2na �! ¶Ô.0/1 ∂c = 0 �! ���� n = 0

V5 W , c = 0 �! ¹» ª�
 H2(P
2) = 0 �! ù"$# .

(3) Klein Bottle

K = a

b

a

b

H0(K) = Z �! �"$# .

c ;~ µP· ;= Y #¬Z mn E #¤GI /1 D1 = 〈a, b〉 �! �"$# . ∂τ = b+ a− b+ a = 2a �! ¶Ô.0/1 B1(K) ∩
D1 = 〈2a〉 �! ¹» �� �	�kÇÆÈ É H1(K) = 〈a, b〉/〈2a〉 = Z2

⊕
Z �! ù"$# .

xy QTSU ∂τ = 2a 6= 0 �! ¶Ô.0/1 H2(K) = 0 �! ù"$# .
lm nIo	p . 20 Compute H∗(

g

]
1

T 2) and H∗(
k

]
1

P 2)
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